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A. ZENISEK plicity we restrict ourselves to the case of Dirichlet boundary conditions) :
T.n + Q = c x t + c 2 
where " v = DvJfoJu) -a(T -T r ) 6J (8) ö ufcm = D Jlkm = D tmiJ (9) £ y W = (»« + "J/2
O. jtm^^^^o^^ V^ = ^£ J R (11) where (i 0 = const > 0. A summation convention over a repeated subscript is adopted. A comma is employed to dénote partial differentiation with respect to spatial coordinates and a dot dénotes the derivative with respect to time t Thus équation (1) is the coupled heat équation and équations (2) are Cauchy's équations of equilibnum. The symbol Q dénotes a prescribed sufficiently smooth rate of internai heat génération per unit volume, the symbols X v X 2 dénote prescribed sufficiently smooth components of body forces per unit volume. The symbols c l5 c 2 , c 4 are positive constants; c 1 and c 4 depend only on the material of a considered body, c 2 = c 2 T r where ~c 2 is a positive constant depending only on the material and T r is a positive constant which has the meaning of the température for which the material is stress-free. The fonctions on the right-hand sides of relations (3)- (7) are prescribed sufficiently smooth fonctions.
In relation (8) a is the coefficient of linear thermal expansion, h XJ is the Kronecker delta and D ljkm are constants depending on the material only. We shall consider isotropic materais only ; in this case m §km = c 3 and define a tJ by^ = Z W*>)~ Tb tJ (13) then problem (l)-(4), (6*), (9) - (13) represents the two-dimensional problem of coupled consolidation of clay in the case of incompressible pore water [1, 3, 9] , The symbol T has now the meaning of pore water pressure, the constant c 2 dépends on the material only and 6 = 0. Numerical tests [9] show that the hnear model (l)- (4), (6*) , (9)-(ll), (13) gives satisfactory results. (Let us note that a nonlmear elastoplastic model is studied in [8] .) Now we present a vanational formulation of our three problems. Before doing it let us introducé some notation. By H m (Q) we dénote the Sobolev space of real functions which together with their generalized derivatives up to order m inclusive are square integrable over Q. The inner product and the norm are denoted by (.,-) m ,n and || . || mn , respectively. i/<J(Q) is the closure in the /f 1 ( 1 )- ( 11) reads : Find a function 7 and a vector u which have the following properties :
, w M e L^/Z-^Q)), Ü G c) the function T satisfies boundary condition (3) and the vector u satisfies boundary conditions (4) in the sensé of traces ; d) relations (14) , (16) hold; é) the function T satisfies initial condition (5) and the vector u satisfies initial conditions (6), (7) .
The remaining two variational formulations can be obtained from a)-é) by means of the following rules : If c 4 
2 ) in b) and (7) m é) and replace (6) by (6*) in e). If moreover c 1 -0 then we do not demand f e L 2^'1 (Q)) in a) and (5) in e). The uniqueness of the solutions of ail three variational problems can be proved similarly as in [2, pp. 39-40] , As to the existence of the solution see, e.g., [7, 16] where some sufîicient conditions are presented.
From the point of view of applications it should be noted that it is permissible in most thermal -stress problems to disregard the effects of both coupling and inertia (see [2, pp. 41-61] ). However, in the case of consolidation of clay the coupling effect is not negligible.
FINITE ELEMENT SOLUTION
If the domain Q has not a polygonal boundary we approximate F piecewise by arcs of degree n > 1 and dénote such a changed boundary by T h . The curve X^h is the boundary of a domain Q h which is the approximation of Q. (If Q has a polygonal boundary F we set (because of a uniform notation) Q h = Q and T h = F.) Let us assume that Fis piecewise ofclass C n + 1 . Let us triangulate the domain Q h . If Q h = Q then the triangulation x h is quite arbitrary ; if Q h ^ Q then x h satisfies the following conditions : Each arc of degree n is the curved side of one boundary triangle ; each boundary triangle has only one side lying on F h ; the interior triangles have only straight sides.
Let 
where T mt is the finite element interpolation of the fonction T appearing in (3). As we want to approximate all terms on the right-hand side of (8) (or (13) ) with the same accuracy we choose p = n -1. (In applications we usually have n = 2, p = 1 -see, e.g., [1, 9] .) In the case of a polygonal boundary F the construction of the spaces V h and W h is straightforward and we can choose We explain it in detail in the case n = 3 and show simultaneously that such constructions are possible. Let us consider finite éléments of the Hermite type. In this case the parametric équations of the curved side of a boundary triangle are formed by cubic Hermite interpolation polynomials of the functions which express parametrically the corresponding arc of the exact boundary F. (This situation is described in [12, 13, 15] where all details concerning the construction of corresponding finite éléments can be found.) The ten parameters uniquely determining the function v(x v x 2 ) on the curved triangle K are 2) a ü(P t ),|a|^ l,i= l,2,3;i;(P 0 ) (26) where P v P 2 , P 3 are the vertices of K and P o is the image of the point R 0 (lf3, 1/3) in the transformation
which maps one-to-one the boundary triangle K onto the unit triangle 
The same interpolation theorem holds for a polynomial of third degree v(x v x 2 ) which is uniquely determined on a triangle K with straight sides by the parameters (26), P o being now the centre of gravity of K. Combining these two types of finite éléments we obtain the space V h with the interpolation property (18).
Let F be of class C where P j e T h and where «| is the tangent derivative of the fonction ü. on F.
It is clear that implication (19) is satisfied
Now we want to construct the finite element space W h on the same triangulation x h in the case p = 2. To this end, on the interior triangles which have no common point with the boundary we choose quadratic polynomials uniquely determined by function values prescribed at the vertices and at the mid-points of the sides. On the boundary triangles, which have a cubic curved side, we choose fonctions which are uniquely determined by parameters
2>
B wCPJ, I « I < 1 , "W> "W,
where P L9 P 29 P 3 is a local notation of the vertices of a boundary triangle K chosen in such a way that P v P 3 lie on F ; Ö23 i s the rnid-point of the segment
are two boundary triangles with a common vertex and the local notation of the vertices of K x has been chosen then we must choose the local notation of the vertices of K 2 in such a way that the common vertex of K l and K 2 is denoted by the same symbol in both local notations. (This implies a restriction on triangulations x h : the number of boundary triangles must be even.)
The function w(x l9 x 2 ) uniquely determined on K by parameters (28) is defined in the following way : The function "*($!, W = «1, til *îtëi> ^2)).
where xf(^l 5 £ 2 ), x|(^l s E, 2 ) are the same functions as in (27), is a quadratic polynomial uniquely determined by the parameters
where 5 23 = (1/2, 1/2). Parameters (30) are linear combinations of parameters (28) and can be computed by means of (29) and the rule of differentiation of a composite function. It remains to define finite éléments on the interior triangles with one vertex lying on F. If this vertex is the vertex P x of a boundary triangle then we choose a quadratic polynomial uniquely determined by parameters (28), where P l9 P 2i P 3 dénote now vertices of the interior triangle and P 1 lies on F. If the vertex lying on F is the vertex P 3 of a boundary triangle then we choose a quadratic polynomial uniquely determined by function values prescribed at the vertices and the mid-points of the sides of the interior triangle. In order to define the approximate solution of the variational problem à)-è) let us introducé the bilinear forms f f
In the case of polygonal boundary a h (\, w) = a(v, w), etc. In order to get numerical results in the case of a curved boundary F we approximate the intégrais appearing in (31), (32) by quadrature formulas with intégration points lying in Q in the same way as in [5] or [10, 15] . Doing it we obtain forms D h {v, w\ (v, w\, a h (\, w) and(v, w) ft .
Let us choose an integer Mand set
If/ = f(x v x 2 , t) then the symbol ƒ" will dénote a function in two variables x l5 x 2 defined by the relation
Finally, we dénote
Now we can define the discrete problem for approximate solving our varia- 
where the meaning of the symbols on the right-hand sides of (38), (39) is defined in Remark 3. The coefficients a,, $j are defined in Remark 2. In the case of consolidation of clay initial conditions reduce to
This restricts a choice of finite différence formulas. (41) and (42) define the coefficients of v-step ^4-stable methods (see [10, 14] ). In the case c 4 > 0 relations (35 2 ) and (42) define the coefficients of the gênerai Newmark method. In this case the P's are written usually in the form :
If we set 0 = 1/2 we obtain the special form of the Newmark method used, e.g., in [4] and [6] .
In the case of consolidation of clay we shall use only two schemes : for v = 1 the Euler backward method (the special case of (41) 
If we use the two-step method (45) we must compute u^ by means of the onestep method (44). Let us note that in the case v = 2we could use ail schemes (42) satisfying P o = 0.
Remark 3. The symbol Uo pr dénotes a vector whose components approximates the right-hand sides u i0 of (6). The fonction T^r is an approximation of the right-hand side of (5) 
(Définitions (47) and (48) correspond to the cases q = 1 and q = 2 from Theorem 1, respectively.) The first two members on the right-hand sides of (47), (48) are given by initial conditions (6), (7) . The third member in (48) can be computed from relations (2), (8), (10), (12) by means of initiai conditions (5), (6) . We defme UQ PF and z apr to be the discrete Ritz approximations of u 0 and z, respectively. (In detail see Section 3.) This définition is a modification of the définition of starting values from [6] . T a J> r and Y apr can be defined similarly. If we do not use the numerical intégration then we define Uo pr and z apr to be the Ritz approximations of u 0 and z, respectively. Remark 4 : In [4] the approximation of coupled linear thermoelasticity by the finite element method is also studied. However, the authors restrict themselves to the case p = n = 1 ; they do not analyze the effect of numerical intégration and consider the Newmark method only with 0 = 1/2.
ERROR ESTIMATES
In this section we prove the existence and uniqueness of the approximate solution and establish the maximum rate of convergence. We shall start with some définitions and lemmas. 
is called the discrete Ritz approximation of the vector ü.
LEMMA 1 : Let the boundary T of the domain Q be piecewise of class C p + 1 . Let T(x, i) e H P + 3 (Q\ t e [0, t*]. Then
II T -Ti \\ JiQh < Ch*+ x -> || T || p + 3j n 0' = 0, 1),(53)
C being a constant independent on T, h and t. In addition, let quadrature formulas on the unit triangle K 0 for calculation oftheforms D h (v, w) and(v, w\ appearing in (50) be ofdegree of précision d = max(l, 2p -2). Then
II f ~ na llj.n* < Ch> +l -> || T || p+3<n 0' -0, 1) .
LEMMA 2 : Let the boundary T of the domain Q be piecewise of class C n+1 . Let n(x, t) G [H n + i (Q)Y, t G [0, t*]. Then \\u-r\\ unh t:Ch»\\u\\ n + 1>ÇÎ
(55)
C being a constant independent onu,h and t. In addition, let u(x, t) G \_H n + 2 (Q)] 2 , / G [0, t*] and let quadrature formulas on the unit triangle K Q for calculation of theforms a h (y, w) and(\, w) h appearing in (52) be ofdegree of précision d= 2n -2. Then
liÖ-rJ 1)Oh^C /*"||ul| n + 2jn .
Lemma 1 is proved in [10, 11] and for p = 2 the formula (4.L18) from [5] .
Remark 6 : The norms appearing on the left-hand side of (59) are natural norms in thermoelasticity : 1) in applications we need to know the values of T, w-and u tj ; 2) T and u itJ should be computed with the same accuracy. 
Hère and in what follows C dénotes a constant not depending on h and At and not necessarily the same in any two places. It remains to estimate the last two terms on the right-hand sides of relations (74) (2), where a^ is expressed by means of (8), (10), (12) .) Let us multiply (37) by -1 and to the both sides let us add the expression Let us simplify the left-hand side of the obtained relation by means of (60).
On the right-hand side let us express the first term of (83) by means of (52) and (82) ; in the second term of (83) let us express r% by means of (73 
Let us dénote for the sake of brevity We estimate the left-hand sides of (89) and (91) In the case v = 1 we have 0 ^ 1/2; thus using (41), (87), (88), (90*) and (67) we obtain easily from where (101) follows. In the case v = 2, 5 > 0 using (42), (90A) and (67) we can dérive in a way similar to [10, p. 430] : 
Combining (89), (100), (101), (104H106), using several times inequality (103) and then the discrete form of Gronwall's lemma we obtain h n + Ar 1 || Ae°+
- (107) Inequalities (74), (76) and (107) 
According to (61) and (95), f" = e m+1/2 if 0 = 1/2. Thus we can estimate the right-hand side of (89) 
010)
Combining (61), (89), (100), (105), (106), (108) and (109), using several times inequality (103) and then the discrete form of Gronwall's lemma we find that 204 A. ZENiSEK il £ s M o + II e s~1/2 111 is bounded by the right-hand side of (107). From hère we easily find that (62) is bounded by the right-hand side of (59). Theorem 1 is proved.
Now we sketch the proof of Theorem 2 in the case v = 1 : In (91) we sum only from m = l to m = s -1. In the case m = 0, as w?. = 0 we can replace in (79) and (81) ail expressions of the type À/ 0 by ƒ*. Setting w = e 1 in such a changed relation (79) and v = e 1 in (85) and summing up the obtained relations we get a relation which will be added to (91). Using the fact that u\ ( . = Auf t and modifying a little the preceding devices we obtain (64). In the case v = 2 the proof is similar.
It should be noted that the term || u° || n+2 ,n ^" A/~1 /2 is a conséquence of estimating in the fîrst step. Remark 9 : Assumptions (57), (58), (63) can be weakened without loosing the maximum rate of convergence. E.g., in the case of thermoelasticity we can assume Te u t instead of (57), (58). The only change in the proof of Theorem 1 is that we use Taylor's theorem with the intégral remainder. In the case of Theorem 2 the situation is the same.
